Cavity-optomechanics, a tool to manipulate mechanical effects of light to couple optical field with other physical objects, is the subject of increasing investigations, especially with regards to electromagnetically induced transparency (EIT). EIT, a result of Fano interference among different atomic transition levels, has acquired a significant importance in many areas of physics, such as atomic physics and quantum optics. However, controllability of such multi-dimensional systems has remained a crucial issue. In this report, we investigate the controllability of EIT and Fano resonances in hybrid optomechanical system composed of cigar-shaped Bose-Einstein condensate (BEC), trapped inside high-finesse Fabry-Pérot cavity with one vibrational mirror, driven by a single mode optical field and a transverse pump field. The transverse field is used to control the phenomenon of EIT. It is detected that the strength of transverse field is not only efficiently amplifying or attenuating out-going optical mode but also providing an opportunity to enhance the strength of Fano-interactions which leads to the amplification of EIT-window. To observe these phenomena in laboratory, we suggest a certain set of experimental parameters. The results provide a route for tunable manipulation of optical phenomena, like EIT, which could be a significant step in quantum engineering.
in ref. 52 where the tunable bistable dynamics have been discussed. The optomechanical system is composed of a cigar-shaped Bose-Einstein condensate (BEC) trapped inside high-finesse Fabry-Pérot cavity, with one fixed mirror and one moving-end mirror oscillating with frequency ω m and maximum amplitude q 0 , driven by a single mode optical field η along the cavity axis and a transverse pump field η ⊥ . Transverse optical field is used to control the phenomenon of electromagnetically induced transparency (EIT) in the output probe laser field. By observing output probe field spectra, we show that the probe laser field can efficiently be amplified or attenuated depending on the strength of transverse optical field η ⊥ . Furthermore, we demonstrate emergence of Fano resonances by solving output field spectra, at different system detuning, and discuss controlled behavior of Fano resonances using transverse optical field. To observe these phenomena in laboratory, we have suggested a certain set of experimental parameters very near to the present experimental quests.
BEC-Optomechanics.
We consider a Fabry-Pérot cavity of length L with a fixed mirror and a moving-end mirror driven by a single mode optical field with frequency ω E , as shown in Fig. 1 . Inside the high-Q cavity, optical fields generate one dimensional optical lattice in which Cigar-Shaped BEC, containing N-two level atoms, is trapped 3, 53, 54 . Moreover, a transverse optical field, with strength η ⊥ and frequency ω ⊥ , is used to to drive BEC perpendicularly, which scatters transverse photons to the intra-cavity field 52, [55] [56] [57] [58] . The vibrational end mirror performs harmonic oscillations under radiation pressure, with frequency ω m and maximum amplitude q 0 , however, in the absence of intra-cavity radiation pressure, it performs Brownian motion due to external heat-bath.
The complete Hamiltonian of system can be divided into two parts, = +    H H H m a , where  H m is related to the motion of side mirror inside the cavity and optical fields interacting with system,  H a describes the atomic degree of freedom inside the system. The Hamiltonian  H m is given as 59 ,
is energy of the intra-cavity field, with detuning Δ c = ω c − ω E and frequency ω c . † c ĉ ( ) are creation (annihilation) operators for intra-cavity field interacting having commutation relation = †ĉ c [ , ] 1. q and  p are dimensionless position and momentum operators, respectively, for vibrational end mirror having canonical relation =  q p i [ , ] , revealing scaled Planck's constant ħ = 1. ξ ω = L x 2 ( / ) c 0 is the strength of coupling between viberating end mirror and intra-cavity optical field,
) is the relation between intra-cavity field and external pump field  η κ ω = P / in E with external pump field power P and intra-cavity field decay κ. Finally, last term describes external probe field and κ ω | | = E P / p p p  is related to the power of the probe field. (Note: The system is nearly same as studied by us in ref. 52 except the addition of an external probe field which is crucial to investigate EIT). Δ p = ω p − ω E is detuning between probe laser field frequency ω p and external pump field ω E .
We consider the motion of BEC quantized along with the cavity-axis in strong detuning regime to adiabatically eliminate internal excited states of atoms and dilute enough so that atom-atom interaction effects can be ignored 56, 57 . In addition, the Hamiltonian describing BEC and its association with cavity mode is written under momentum side-mode approximation (detailed derivation are shown in ref. 52) as, Figure 1 . Cavity-Optomechanics with Bose-Einstein condensate. Cigar-shaped Bose-Einstein condensate (BEC) is trapped inside a Fabry-Pérot cavity of length L, with a fixed mirror and a vibrational-end mirror oscillating with frequency ω m and maximum amplitude of q 0 , driven by a single mode external pump field with ω E . Intra-cavity field, with frequency ω c , interacts with atomic assemble and excites symmetric momentum side modes in condensed matter wave, due to photon recoil of intra-cavity field. The collective atomic excitation will mimic as an atomic mirror having similar characteristics to vibrational mirror of the system. To observe electromagnetically induced transparency (EIT) in output field spectra, we use external probe field with frequency ω p . E p corresponds to the power of external probe field. The system is almost same as investigated by us in ref. 52 except the inclusion of external probe field which is crucial to investigate EIT. To produce control over the spectral behavior of out-going optical mode, we use another transverse field with intensity η ⊥ and frequency ω ⊥ 63 .
Scientific RepoRts | 6:22651 | DOI: 10.1038/srep22651 P / is intensity of transverse field. From Eq. (2), it can be noted that in the absence of transverse optical field (i.e. when there is no excitation for cos(kx)) we recover same expression for atomic mode of cavity-optomechanics as in refs 3 and 25.
To incorporate the dissipation effects of intra-cavity field due to photon shot noises and thermo-mechanical noises effects associated with the motion of moving-end mirror and BEC via standard quantum noise operators, we derive Langevin equations from Hamiltonian H 60 .
The term â in describes the Markovian input shot noise associated with intra-cavity field and ∆ = ∆ − NU /2 c 0 represents effective detuning of the system. γ m is the decay rate of the moving-end mirror motion while  f m describes thermo-mechanical noise operator associated with Brownian motion of mechanical mode 61, 62 . Further, γ a and  f a are damping of atomic mode due to harmonic trapping potential and  f a is Markovian noise operator connected with motion of atomic side modes, respectively. It should be noted that the Eqs (3-7) are same as derived in ref. 52 except the addition of external probe field in Eq. (3) to investigate EIT. We consider positions and momentum quadratures as classical variables to obtain steady state solutions of the Langevin equations. Further, we take optical field decay at its fastest rate so that time derivative can be set to zero in Eq. To observe output field spectra, we deal with mean response of the system to probe field in presence of external pump field (control laser) and transverse field. First, we linearized quantum Langevin equations by inserting
in Langevin equations and taking care of only first-order terms in fluctuating operators δc(t), δq(t), δp(t), δQ(t) and δP(t). The linearized quantum Langevin equations are now given as, 
a sm s are the effective coupling of optical field with the moving-end mirror and the condensate mode, respectively. To solve mean value equation of the system, we write expectation value of operators in form
, δQ t ( ) and δP t ( ) are the expectation values corresponding to fluctuating operators δc(t), δq(t), δp(t), δQ(t) and δP(t), respectively.
For the solution of linearized quantum Langevin equations, we assume that the coupling of external pump field η is much stronger than the coupling of external probe field E p . Under this assumption, the solutions of linearized Langevin equations can be approximated to the first order external probe field by ignoring all higher order terms of E p . Therefore, the solution for intra-cavity probe field is now given as, Eqs (15) and (16) clearly describe dependence of output field spectra on the coupling of different degrees of freedom. In particular, we can observe the rule of transverse optical field coupling with BEC mode in output field. Furthermore, to investigate EIT-like behavior, we write output field spectra by using input-output
i n 60 , where c in and c out represent input and output field, respectively. Moreover, we ignore quantum noises associated with c out and c in as discussed earlier. The out-going optical field can be expressed as,
By using above relation and input-output field theory, we describe the components of output field spectra at probe field frequency as, 
s 0
In order to examine EIT in output field, we define total out-going optical mode E T , at probe frequency ω p , as
, where E T not only describes optical field leaking-out from cavity but also accommodates noise effects associated with the system. In absence of optical coupling with moving-end mirror and BEC mode, the output field spectra E T at probe frequency will be reduced to,
T p Controllable EIT in Output Field. The hybrid BEC-optomechanical system shown in Fig. 1 is simultaneously driven by external pump field with frequency ω E and probe field with frequency ω p , generating radiation pressure force which oscillates at frequency difference Δ p = ω p − ω E . When this resultant force resonates with Scientific RepoRts | 6:22651 | DOI: 10.1038/srep22651 frequency close to the frequency of mechanical mode ω m or atomic mode (BEC) 4ω r , it gives rise to Stokes and anti-Stokes scatterings of light from the strong intra-cavity standing field. But Stokes scattering is strongly suppressed because, conventionally, optomechanical systems are operated in resolved-sideband regime κ ω  m , which is off-resonant with Stokes scattering and so only anti-Stokes scattering survives inside the cavity. Therefore, due to the presence of probe field and pump field inside system, Fano-interactions occur in mirror and atomic transition pathways which cause appearance of electromagnetically induced transparency (EIT) like behavior in output field spectra.
To make this study of tunable EIT and Fano resonances in hybrid BEC-Optomechanics experimentally feasible, we choose a regime of particular parameters very close to the recent experimental studies 1, 3, 54 . The EIT behavior in output field can only be observed when intra-cavity optical field is in stable regime. For this purpose, we follow similar stability conditions as developed and discussed in refs 52,55,57. We consider N = 2.3 × 10 4 87 Rb atoms trapped inside Fabry-Pérot cavity with length L = 1.25 × 10 −4 , driven by single mode external field with power P in = 0.0164 mW, frequency ω E = 3.8 × 2π × 10 14 Hz and wavelength λ p = 780 nm. The strength of external pump field is taken as η 2 /κ 2 = 1.8. The intra-cavity optical mode oscillates with frequency ω c = 15.3 × 2π × 10 14 Hz, with decay rate κ = 1.3 × 2π kHz. Further, vacuum Rabi frequency of atomic mode is considered U 0 = 3.1 × 2π MHz with detuning π ∆ = . × MHz 0 52 2 . Intra-cavity field produces recoil of ω r = 3.8 × 2π kHz in atomic mode trapped inside cavity with damping rate γ r = 0.21 × 2π kHz. The moving-end mirror of cavity is considered as a perfect reflector oscillating with frequency ω m = 1.02 × 2π MHz with damping γ m = 1.1 × 2π kHz. From given parameters, one can observe that the system is in resolved-sideband regime because ω κ  m , this condition is also referred to good-cavity limit.
The real (Re[E T ]) and imaginary (Im[E T ]) quadratures of out-going probe field as a function of probe-cavity detuning are discussed in Fig. 2 , in the absence of transverse field coupling η eff /κ = 0. Here, Re[E T ] and Im[E T ] accounts for in-phase and out-phase, respectively, quadratures of the output field spectra and also referred to absorption and dispersion behavior of out-going optical mode. Figure 2(a,b) demonstrate the single-EIT behavior of such absorption and dispersion quadratures, respectively, of output field spectra for different coupling strengths G a /ω m = 0, G m /ω m = 0 (blue curve), G a /ω m = 0.02, G m /ω m = 0 (red curve), and G a /ω m = 0.03, G m /ω m = 0 (green curve). To observe single-EIT behavior, we have considered case when system is only coupled with intra-cavity atomic mode or BEC and the coupling of moving-end mirror with intra-cavity optical mode is zero because the single-EIT behavior in cavity-optmechanics in presence of mirror coupling has already been discussed in previous works like 43, 45, 46, 50 . We consider that the optomechanical system is being operated in strong coupling regime which means intra-cavity optical mode is strongly coupled to atomic mode of the system. When collective density excitation of atomic mode becomes resonant with intra-cavity optical mode, strong coupling between atomic and intra-cavity standing wave is generated. It is only possible when the strength of coupling between single atom and single photon of the cavity g 0 = 10.9 × 2π MHz is larger than both decay rate of the atomic excited state γ r = 0.21 × 2π kHz as well as intra-cavity field decay κ = 1.
a 0 3, 46 . We can also note from mathematical expression of atomic coupling that the strength of atomic mode coupling is directly proportional to the vacuum Rabi frequency
a a 0 0 2 . In Fig. 2 , one can easily observe that there are no signatures of EIT in absorption and dispersion spectra of output field (blue curves) when intra-cavity field is not coupled with mechanical mode and condensate mode (G a /ω m = 0, G m /ω m = 0). While in red curve, the single-EIT window appears in output probe field due to intra-cavity optical mode coupling with atomic mode (BEC) (G a /ω m = 0.02). However, coupling of intra-cavity field with mechanical mode is kept zero G m /ω m = 0. Green curve shows the enhancement in single-EIT window in output probe field by increasing the coupling strength to G a /ω m = 0.03. These results clearly prove the existence of single-EIT window in output probe field when intra-cavity optical mode is only coupled to atomic mode of cavity-optomechanics. Figure 3 describes the EIT behavior in the output field spectra of the optomechanical system in presence of probe detuning Δ p /ω m and transverse optical field η eff /κ. Figure 3(a,d) represent absorption (real) and dispersion (imaginary) quadratures, respectively, of output probe field in the absence of transverse field η eff /κ = 0 with various coupling strengths G a /ω m = 0, G m /ω m = 0 (blue curve), G a /ω m = 0.08, G m /ω m = 0.05 (red curve), and G a /ω m = 0.1, G m /ω m = 0.08 (green curve). The results show that there are no signs of EIT-like behavior in absorption and dispersion spectra of output field (blue curves) when system is isolated form mechanical mode and condensate mode (G a /ω m = 0, G m /ω m = 0). On the other hand, in red curve, two EIT windows appear in output probe field because optical mode of the system is now coupled to both mechanical mode (moving-end mirror) (G m /ω m = 0.05) as well as to condensate mode with coupling strength G a /ω m = 0.08. Such behavior is also known as double-EIT response of output field 50, 51 . When system is coupled to atomic mode and mechanical mode at the same time and optical mode of the system becomes resonant to both these . Similarly like atomic mirror, quantum interference in mechanical mirror transition paths cause the emergence of another transparency window in output field spectra. (b,e) Demonstrate single-EIT windows with coupling strengths G a /ω m = 0.03, G m /ω m = 0, as a function of transverse field strengths η eff /κ = 0 (blue curve), η eff /κ = 0.02 (red curve) and η eff /κ = 0.03 (green curve). Similarly, (c,f) show double-EIT behavior of output field spectra with coupling G a /ω m = 0.1, G m /ω m = 0.08, as a function of transverse field strengths η eff /κ = 0 (blue curve), η eff /κ = 0.02 (red curve) and η eff /κ = 0.03 (green curve). The transverse field scatters photons inside the cavity causing modification in both atomic as well as mechanical mirror transitions. The projection of these modifications on optical field leaking-out from cavity can be seen in given results. The remaining parameters used in numerical calculations are same as in Fig. 2. modes, it gives rise to anti-Stokes scattering inside the system causing appearance of another EIT window in output field. Green curves in Fig. 3(a,d) demonstrate similar behavior double-EIT when the coupling strengths are increased to G a /ω m = 0.1, G m /ω m = 0.08. We observe that the quadratures of double-EIT behavior are increased by increasing coupling strengths. The given results in Fig. 3(a,d) show such double-EIT behavior in output field when optomechanical system is coupled to moving-end mirror of the system and BEC trapped inside the system. Figure 3 (b,e) demonstrate single-EIT behavior in absorption and dispersion quadratures, respectively, of output probe field under the influence of transverse optical field η eff /κ when intra-cavity optical mode is coupled to condensate mode with coupling strength G a /ω m = 0.03 while the coupling of optical mode with moving-end mirror is zero G m /ω m = 0. It should be noted that we cannot observe transverse optical field effects on single-EIT when intra-cavity optical degree of freedom is only coupled to the moving-end mirror, as shown in single-EIT results in previous works like 43, 45, 46, 50 , because transverse optical field is only interacting with BEC trapped inside the cavity. Therefore, we only consider condensate mode coupling while studying effects of transverse field on single-EIT. Blue curves show single-EIT windows in output probe field in the absence of transverse optical field η eff /κ = 0. On the other hand, red and green curves demonstrate the effects of transverse field strengths η eff /κ = 0.02 and η eff /κ = 0.03, respectively, on the single-EIT behavior. When transverse field photon interacts with atomic mode of the system, it gives rise to the total photon number n inside the cavity by scattering transverse photons into the system, which give rise to the quantum interferences and directly enhance the EIT behavior in output field. We can observe such effects of transverse field in the results that the strength of single-EIT is efficiently amplified by increasing the strength of transverse optical field.
Similarly, Fig. 3 (c,f) represent double-EIT behavior in absorption and dispersion quadratures respectively, of output probe field as a function of transverse optical field η eff /κ when intra-cavity optical mode is coupled to both condensate mode with coupling strength G a /ω m = 0.1 and to the moving-end mirror is G m /ω m = 0.08. Blue curves in both these figures describe double-EIT behavior in the absence of transverse field η eff /κ = 0. Besides, red and green curves represent double-EIT with transverse field strengths η eff /κ = 0.02 and η eff /κ = 0.03, respectively. We can observe, like single-EIT results, double-EIT windows are enhanced by increasing the transverse optical coupling. Therefore, in accordance to these results, we can confidently state that by increasing transverse optical field coupling, we can control the phenomenon of EIT in hybrid BEC-optomechanics.
Tunable Fano resonances.
The formation of Fano resonance in the output optical mode of hybrid optomechanical system is a fascinating phenomenon caused by quantum mechanical interaction between different degrees of freedom of the system 50, 51 . The constructive and destructive quantum interferences among narrow discrete intra-cavity optical resonances are the foundations for Fano resonances in output field of such complex systems. The transverse field effects on EIT presented in Figs 2 and 3 are similar to the single and double-Fano resonances but tuned by transverse optical field. We conventionally observe Fano line shapes in EIT windows by tunning effective detuning of the system. The variation in effective detuning of the system brings modifications to the Fano-interactions, among atomic and mirror transition pathways, which causes shift in EIT window. Afterwards, we demonstrate Fano behavior of system output field with respect to different parameters. Figure 4 shows Fano resonances in the absorption (real) and dispersion (imaginary) profile of output probe field in the absence of transverse field coupling η eff /κ = 0, as a function of normalized probe field detuning Δ p /ω m and normalized effective detuning of the system Δ/ω m . The coupling of intra-cavity optical mode with atomic mode is G a /ω m = 0.03 while, the coupling of optical mode with mechanical mode is kept zero (G m /ω m = 0) which means, optomechanical system is only coupled to the condensate mode trapped inside the cavity. Figure 4 (a,b) describe absorption and dispersion profile, respectively, in output probe field as a function of normalized probe detuning. Blue curve in absorption shows Fano line with effective system detuning Δ/ω m = 0.84. While, red and green curves in real quadrature represent fano behavior under the influence of effective detuning Δ/ω m = 0.87 and 0.9, respectively. Similarly, blue curve in dispersion profile shows the existence of Fano line with effective system detuning Δ/ω m = 0.99. Besides, red and green curves in imaginary quadrature of output field represent fano behavior under influence of effective detuning Δ/ω m = 1.02 and 1.06, respectively. We can observe, each curve with different height follows a same dip in absorption and dispersion response which causes the formation of resonance in out-going optical mode.
We further investigate the existence of double-Fano resonances in output probe field by introducing another coupling in the optomechanical system and modifing effective detuning 51 . As the phenomenon of EIT is very sensitive to the coupling with different degrees of freedom in the system, therefore, by introducing another coupling, we can convert single-Fano resonance to double-Fano resonance, as shown in Figs 4(c) and 5(d). The coupling of intra-cavity optical mode with moving-end mirror is G a /ω m = 0.1 and the coupling of optical mode with condensate mode is G a /ω m = 0.08. Figure 5 (c) describes absorption and Fig. 5(d) describes dispersion profile in output probe field as a function of normalized probe detuning. Blue curves, in Fig. 5(c,d) , show the double-Fano line with effective detuning values Δ/ω m = 0.85 and 1.1, respectively. Similarly, red curves, in absorption and dispersion, accommodate the double-Fano response under the influence of effective detuning Δ/ω m = 0.94 and 0.96, respectively and green curves account for the influence of effective detuning Δ/ω m = 0.87 and 1.15, respectively. By analyzing these results, we come to know that the single-Fano resonance can be transformed to double-Fano resonances by coupling intra-cavity field with both atomic as well as mechanical degrees of freedom 50, 51 .
In previous Fano resonance results, we have ignored the effects of transverse optical field coupling. However, it will be important to keep these effects and analyze the behavior of Fano resonances. Figure 5 illustrates such effects on Fano resonances emerging in output field spectra in the presence of transverse field coupling η e ff/κ = 0.03. Figure 5(a) shows real quadrature of out-going mode, containing single-Fano resonance, where blue, red and green curves correspond to the effective detuning strengths Δ/ω m = 0.85, 0.87 and 0.9, respectively.
On the other hand, Fig. 5 (b) represents imaginary quadrature of output field, where blue, red and green curves correspond to the influence of system detuning strengths Δ/ω m = 0.99, 1.02 and 1.06, respectively. One can observe, how quadratures of singe-Fano lines are increased due to the presence of transverse field. Transverse optical field causes scattering of photons inside the cavity which gives rise to intra-cavity photon number and this nonlinear factor brings modification to the out-going optical mode of cavity. It is understood that if we further increase the strength of transverse coupling, it will definitely further modify Fano behavior in output field. Figure 5(c,d) show similar behavior for double-Fano resonances in real and imaginary profile of out-going probe field under the influence of transverse field strength. Figure 5 (c) shows absorption and Fig. 5(d) shows dispersion behavior at transverse optical field strength η eff /κ = 0.03. Blue curves, in Fig. 5(c,d) , show the effects of η eff /κ on double-Fano curves appearing in out-going mode with effective detuning values Δ/ω m = 0.85 and 1.1, respectively. While, red curves, in absorption and dispersion quadratures, illustrate the effects on double-Fano response with effective detuning Δ/ω m = 0.94 and 0.96, respectively and green curves account for the similar response double-Fano resonance under the influence of effective detuning Δ/ω m = 0.87 and 1.15, respectively. By comparing results of Figs 4 with 5, we can easily note the effects of transverse optical field on the double-Fano resonance of the optomechanical system. The absorption and dispersion quadratures of single-Fano as well as double-Fano resonances are notably modified by increasing transverse optical field strength.
Discussion
In conclusion, we discuss the controllability of electromagnetically induced transparency (EIT) and Fano Resonances in hybrid optomechanical system, by following same method as investigated in ref. 52 . The system contains cigar-shaped Bose-Einstein condensate (BEC) trapped inside high-finesse optical cavity with one moving-end mirror and driven by a single mode optical field along the cavity axis and a transverse pump field. As the transverse optical field directly interacts with condensate mode which causes the scattering of transverse photon inside the cavity so, by varying transverse field, we can modify the dynamics of system. We have shown the controlled behavior of EIT in output probe field by using transverse field. We discuss existence of single-EIT window, in output field of cavity, in the absence of moving-end mirror which means intra-cavity optical mode was only coupled to atomic mode (BEC) of the system. The single-EIT as well as double-EIT windows, in out-going probe field, are efficiently amplified by increasing the strength of transverse optical field. Furthermore, single and double-Fano resonances are discussed in out-going probe field of the system. The transverse optical field shows similar effects on the emergence of Fano resonances as it does to the EIT. We have also suggested a certain set of experimental parameters to observe these phenomena in laboratory. Fig. 4(a,b) . (a) Shows absorption quadrature of output optical mode with different detuning strengths Δ/ω m = 0.84 (blue curve), Δ/ω m = 0.87 (red curve) and Δ/ω m = 0.9 (green curve), while (b) accounts for imaginary quadrature of output field having effective detuning strengths Δ/ω m = 0.99 (blue curve), Δ/ω m = 1.02 (red curve) and Δ/ω m = 1.06 (green curve). Similarly, (c,d) demonstrate the effects of transverse field on double-Fano resonance with same coupling strengths as in Fig. 4(c,d) . (c) Shows absorption profile of output field under effective detuning strengths Δ/ω m = 0.83 (blue curve), Δ/ω m = 0.85 (red curve) and Δ/ω m = 0.97 (green curve). On the other hand, (d) presents dispersion quadrature of output field with effective detuning values Δ/ω m = 1.05 (blue curve), Δ/ω m = 1.1 (red curve) and Δ/ω m = 1.15 (green curve). All other parameters are same as in Fig. 2. 
